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In this work we perform the symmetry classification of the Klein Gordon equation in
Bianchi I spacetime. We apply a geometric method which relates the Lie symmetries
of the Klein Gordon equation with the conformal algebra of the underlying geometry.
Furthermore, we prove that the Lie symmetries which follow from the conformal algebra
are also and Noether symmetries for the Klein Gordon equation. We use these resutls in
order to determine all the potentials in which the Klein Gordon admits Lie and Noether
symmetries. Due to the large number of cases and for easy reference the results are
presented in the form of tables. For some of the potentials we use the Lie admitted sym-
metries to determine the corresponding invariant solution of the Klein Gordon equation.
Finally, we show that the results also solve the problem of classification of Lie/Noether
point symmetries of the wave equation in Bianchi I spacetime and can be used for the
determination of invariant solutions of the wave equation.
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1. Introduction
The study of differential equations in a general Riemannian space involves inves-
tigation of equations containing arbitrary parameters or arbitrary functions. This
naturally leads to the group classification problem of differential equations. The
first group classification problem was carried out by Ovsiannikov [1] who classi-
fied all forms of the non-linear heat equation ut = (f(u)ux)x. Studies related to
group properties of non-linear wave equations began with the well-known paper of
Ames [2] in 1981. Since then the group classification problem has been studied in-
tensely for fundamental equations arising from models in engineering and physics,
1
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e.g. the symmetry classification of the geodesic equations of Riemannian spaces
[3,4], the symmetry classification of the two and three dimensional Newtonian sys-
tems [5,6,7,8] and many others [9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25].
Furthermore, a symmetry analysis of wave equation in a power-law Bianchi III
spacetime spacetime can be found in [26] and a symmetry analysis of the wave
equation on static spherically symmetric spacetimes, with higher symmetries, was
recently carried out in [27]
In [28], it was proved that for a linear, in the derivatives, second order partial
differential equation (PDE) the Lie point symmetries are related with the conformal
algebra of the geometry defined by the PDE.
One important equation which belongs to this type of PDEs is the Klein Gordon
equation
∆u+ V
(
xi
)
u = 0 (1)
where ∆ = 1√
|g|
∂
∂xi
(√
|g| ∂
∂xj
)
is the Laplace operator defined in terms of the
metric of the Riemannian space.
In [29] the generic Lie symmetry vector for the Klein Gordon equation in a
Riemannian space has been found and it has been expressed in terms of the elements
of the conformal algebra of the space modulo a constraint relation involving the Lie
symmetry vector and the potential entering the Klein Gordon equation.
Concerning the Noether point symmetries of the Klein Gordon equation in a
Riemannian space we prove that these are the same as the Lie point symmetries of
this equation.
These geometric results transfer the problem of the Lie / Noether symmetry
classification of the Klein Gordon equation (1) in a Riemannian space to the problem
of determining the CKVs of the space and the appropriate potentials which solve the
corresponding constraint condition. We note that taking the potential V
(
xi
)
= 0
this classification provides, as a special case, the corresponding symmetry analysis
for the wave equation in Bianchi I spacetimes.
These results can be useful in two ways. Using the reduction of the Klein Gor-
don equation by means of certain Lie point symmetries one determines invariant
solutions of (1) with respect to these symmetries. Furthermore because the Lie sym-
metries are also Noether symmetries one is able to determine conserved currents
for the corresponding potential.
We apply these general results in Bianchi I spacetime and perform the complete
group classification of the Lie /Noether point symmetries of Klein Gordon equation
in this spacetime in terms of the potential V
(
xi
)
.
The paper is organized as follows. Section 2 provides the geometrical prelimi-
naries and the theoretical background. In section 3, we give the explicit form of the
generic Lie symmetry vector of the Klein Gordon equation in a general Riemannian
space in terms of the conformal algebra of the space modulo a constraint condition
involving the potential. In section 4 we obtain the symmetry classification for the
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Klein Gordon equation in Bianchi I spacetimes and the corresponding potentials.
Furthermore, in section 5 the Lie point symmetries are applied in order to reduce
the Klein Gordon equation and determine invariant solutions. Finally in section 6
we draw our conclusion and we discuss the symmetry analysis of the wave equation.
2. Preliminaries
In this section we give the basic definitions and properties of the collineations of
spacetime and of the point symmetries of differential equations.
2.1. Collineations of Riemannian spaces
A collineation in a Riemannian space is a vector field X which satisfies an equation
of the form
LXA = B
where LX is the Lie derivative with respect to the vector field X, A is a geometric
object (not necessarily a tensor) defined in terms of the metric and its derivatives
and B is an arbitrary tensor with the same indices as the geometric object A. The
collineations of Riemannian spaces have been classified by Katzin et.al. [34]. In the
following we are interested in the collineations of the metric tensor i.e. A = gij .
If there exists a function ψ
(
xk
)
so that B = 2ψ
(
xk
)
gij the vector field X is
called a Conformal Killing vector (CKV) if ψ
(
xk
) 6= 0, a special CKV (sp.CKV) if
ψ;ab = 0, a homothetic (HV) if ψ = constant and a Killing vector (KV) if ψ = 0.
The CKVs of the metric gij form a closed Lie algebra which is called the con-
formal algebra of the metric gij . Two metrics gij , g¯ij which are conformally related,
that is there exist a function N2
(
xk
)
such as g¯ij = N
2
(
xk
)
gij , have the same
conformal algebra. A space is called conformally flat if it is conformally related to
the flat space,
The conformal algebra contains two closed subalgebras, the Homothetic algebra
and the Killing algebra related as follows
KV s ⊆ HV s ⊆ CKV s.
The dimension of the conformal algebra of a n−dimensional metric (n > 2)
of constant curvature is 12 (n+ 1) (n+ 2) , the dimension of the Killing algebra is
1
2n (n+ 1) and the dimension of the Homothetic algebra is
1
2n (n+ 1)+ 1. The flat
space admits 12 (n+ 1) (n+ 2) CKVs.
2.2. Point symmetries of differential equations
A partial differential equation (PDE) is a function H = H(xi, uA, uA,i , u
A
,ij) in the
jet space B¯M¯ , where x
i are the independent variables and uA are the dependent
variables. The infinitesimal point transformation
x¯i = xi + εξi(xk, uB) , (2)
u¯A = uA + εηA(xk, uB) , (3)
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has the infinitesimal symmetry generator
X = ξi(xk, uB)∂xi + η
A(xk, uB)∂uA . (4)
The generator X of the infinitesimal transformation (2),(3) is called a Lie point
symmetry of the PDEH if there exists a function λ such that the following condition
holds [30,31]
X[n](H) = λH , modH = 0, (5)
where
X[n] = X+ ηAi ∂uAi + η
A
ij∂uAij + ...+ η
A
i1i2...in
∂uAi1i2...in
(6)
is the nth prolongation vector and
ηAi = η
A
,i + u
B
,i η
A
,B − ξj,iuA,j − uA,iuB,jξj,B , (7)
with
ηAij = η
A
,ij + 2η
A
,B(iu
B
,j) − ξk,ijuA,k + ηA,BCuB,iuC,j − 2ξk,(i|B|uBj)uA,k
− ξk,BCuB,iuC,juA,k + ηA,BuB,ij − 2ξk,(juA,i)k − ξk,B
(
uA,ku
B
,ij + 2u
B
(,ju
A
,i)k
)
(8)
Lie point symmetries of differential equations can be used in order to determine
invariant solutions or transform solutions to solutions [33]. From condition (5) one
defines the Lagrange system
dxi
ξi
=
du
η
=
dui
η[i]
= ... =
duij..in
η[ij...in]
whose solution provides the characteristic functions
W [0]
(
xk, u
)
, W [1]i
(
xk, u, ui
)
, ...,W [n]
(
xk, u, u,i, ..., uij...in
)
.
The solutionW [k] is called the kth order invariant of the Lie point symmetry vector
(4). These invariants can be used in order to reduce the order of the PDE (for details
see e.g. [31]).
The Lie point symmetries of a PDE span a Lie algebra GL of dimension
dimGL > 1. The application of a Lie symmetry to a PDE H leads to a new
differential equation H¯ which is different from H and is possible to admit Lie sym-
metries which are not Lie symmetries of H (these Lie symmetries are called Type II
hidden symmeties). It has been shown [32] that if X1, X2 are Lie point symmetries
of the original PDE with commutator [X1, X2] = cX1 where c is a constant, then
reduction by X2 results in X1 being a point symmetry of the reduced PDE H¯ while
reduction by X1 results in a PDE H¯ which has no relevance for the PDE H¯ .
For PDEs arising from a variational principle, Noether’s theorem states [33].
Theorem 1. The action of the generator (4) of the infinitesimal transformation
(2),(3) on the Lagrangian L = L(xk, uA, uAk ) leaves H(x
i, uA, uA,i , u
A
,ij) invariant
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if there exists a vector field Ai = Ai(xi, uA) such that the following condition is
satisfied
X[1]L+ LDiξ
i = DiA
i . (9)
The corresponding Noether flow Ii is defined by the expression
Ii = ξk
(
uAk
∂L
∂uAi
− δikL
)
− ηA ∂L
∂uAi
+Ai . (10)
and it is conserved, that is satisfies the relation
DiI
i = 0. (11)
In (11) Di is the total derivative, defined as follows:
Di = ∂xi + u
A
i ∂uA + u
A
ij∂uAj
+ ...
3. Point symmetries of the Klein Gordon equation in a general
Riemannian space
In a recent paper [29] it has been shown that the Lie point symmetries of the Klein
Gordon equation (1) in a general Riemannian space are elements of the conformal
algebra of the space. More specifically the following theorem is proved.
Theorem 2. The Lie point symmetries of the Klein Gordon equation (1) in a
Riemannian space of dimension n are generated from the elements of the conformal
algebra of the metric gij defining the Laplace operator, as follows
a) for n > 2 the Lie symmetry vector is
X = ξi
(
xk
)
∂i +
(
2− n
2
ψ
(
xk
)
u+ a0u+ b
(
xk
))
∂u (12)
where ξi is a CKV with conformal factor ψ
(
xk
)
, b
(
xk
)
is a solution of (1) and the
following condition involving the potential is satisfied
ξkV,k + 2ψV − 2− n
2
∆ψ = 0. (13)
b) for n = 2 the Lie symmetry vector is
X = ξi
(
xk
)
∂i +
(
a0u+ b
(
xk
))
∂u (14)
where ξi is a CKV with conformal factor ψ
(
xk
)
, b
(
xk
)
is a solution of (1) and the
following condition is satisfied
ξkV,k + 2ψV = 0. (15)
The Klein Gordon equation (1) follows from the Lagrangian
L
(
xi, u, u,i
)
=
1
2
√
ggiju,iu,j − 1
2
√
gV
(
xi
)
u2. (16)
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For each term of the Noether symmetry condition (9) we have
DiA
i = Ai,i + A
i
,uu,i (17)
LDiξ
i = Lξi,i + Lξ
i
,uu,i (18)
X[1]L = ξi
∂L
∂xi
+ η
∂L
∂u
+ ηi
∂L
∂ui
. (19)
Therefore by collecting the terms of the same powers of (ui)
K we find that
condition (9) is equivalent to the following determining system of equations
ξk,u = 0 ,
√
ggijη,j = A
i
,u (20)
− 1
2
√
g
(
ln (
√
g)
,k
ξkV u2 + V,kξ
ku2 − 2V uη + ξk,kV u2
)
= Ai,i (21)
g
ij
,kξ
k − 2gk(iξj),k + 2gijη,u + gijξk,k + ln (
√
g)
,k
ξkgij = 0. (22)
The solution of this system is as follows. Equation (20) implies ξi = ξi
(
xk
)
and
Ai =
√
g
∫
η,idu+Φi
(
xk
)
. Combining this with
(√
g
)
,k
=
√
gΓrkr where Γ
i
jk are the
connection coefficients, condition (22) becomes
Lξgij =
(
ξk;k + 2η,u
)
gij (23)
which means that ξi = ξi
(
xk
)
is a CKV of the metric gij and that ξ
k
;k = nψ
(
xk
)
.
However since the Noether point symmetries are also Lie point symmetries, from
(12) we have that η
(
xk, u
)
= 2−n2 ψ
(
xk
)
u+ a0u+ b
(
xk
)
; where ∆b+V
(
xi
)
b = 0.
Then condition (21) becomes
V,kξ
ku2 + 2ψV u2 + a0V u =
2− n
2
∆ψu2 − 2√
g
Φi,i. (24)
This equation is an identity hence the coefficients of the various powers of u must
vanish. It follows then that a0 = 0, Φ
i
,i = 0 and the Noether condition becomes
V,kξ
k + 2ψV − 2− n
2
∆ψ = 0 (25)
which is the Lie point symmetry condition (13). We conclude that every Lie point
symmetry (but not the trivial vector field u∂u, since a0 = 0 ) of the Klein Gordon
equation is also a Noether point symmetry for the Lagrangian (16). Therefore we
have the following theorem
Theorem 3. The Noether point symmetries of the Klein Gordon Lagrangian (16)
are generated by the CKVs of the metric gij. The generic Noether point symmetry
vector is the Lie generic point symmetric vector with a0 = 0 and corresponding
gauge function
Ai =
2− n
4
√
gψ,i
(
xk
)
u2 +Φi
(
xk
)
(26)
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where Φi
(
xk
)
is a function which satisfies the condition DiΦ
i = 0.
From Noether’s theorem the function Φi
(
xk
)
can be absorbed in the Noether
flow, hence without loss of generality we can set Φi
(
xk
)
= 0.
Theorem 3 is a generalization of the result of [35] for the Klein Gordon equa-
tion with constant potential, i.e. V
(
xk
)
= V0. Furthermore, from Theorem 3 we
have the following corollary which relates the dimension of the algebras of Lie and
Noether point symmetries of the Klein Gordon equation.
Corollary 4. If the Klein Gordon equation (1) with Lagrangian (16) admits n
Lie point symmetries which span the Lie algebra GLS , dimGLS = n, then the
Lagrangian (16) admits as Noether point symmetries the Lie algebra GNS, of di-
mension dimGNS = n− 1, where GLS = GNS ∪ {u∂u} .
In the following we apply theorems 2 and 3 in order to determine the potentials
for which the Klein Gordon equation (1) admits Lie/Noether point symmetries in
(diagonal) Bianchi I spacetimes.
4. The Lie and Noether point symmetries of the Klein Gordon
equation in Bianchi I spacetime
In order to apply the results of theorems 2 and 3 we need the complete conformal
algebra of Bianchi I spacetime.
4.1. The conformal algebra of the diagonal Bianchi I spacetime
The Bianchi type N (N = I, ..., IX) models are spatially homogeneous spacetimes
which admit a group of motions G3 [36] acting on spacelike hypersurfaces. Some
of these spacetimes are non-isotropic generalizations of the Friedman-Robertson-
Walker (FRW) space-time such as the Bianchi I, V and IX spacetimes. These space-
times have been used in the discussion of anisotropies in a primordial universe and
its evolution towards the observed isotropy of the present epoch.
The simplest type of these spacetimes are the Bianchi I models which correspond
to the abelian group G3 consisting of the three KVs
Y 1I = ∂x , Y
2
I = ∂y , Y
3
I = ∂z. (27)
In synchronous coordinates the metric of this spacetime is
ds2 = −dt+A2(t)dx+B2(t)dy + C2(t)dz (28)
where A(t), B(t), C(t) are functions of the time coordinate t only.
When the metric functions A(t), B(t), C(t) satisfy certain relations it is possible
that the resulting Bianchi I spacetimes admit a larger conformal algebra. In [37] it
has been shown that these spacetimes can be classified in two sets a. The Bianchi I
spacetimes which are non-conformally flat (which we refer as Class A) and b. The
Bianchi I spacetimes which are conformally flat (which we refer as Class B). In
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more formal terms the first family contains the Petrov type I spacetimes and the
second family the Petrov type D spacetimes.
Before we proceed it will be useful if we clarify the following point. From theorem
2 we have that in order the Klein Gordon equation (30) to admits Lie /Noether
point symmetries in a Riemannian space two conditions must be satisfied:
a. The metric has to admit a non-void conformal algebra, which is always the
case because all Bianchi I metrics admit the three KVs Y µI .
b. The potential V (t, x, y, z) must satisfy the constraint condition (13) or (15)
depending on the dimension of the space i.e. n > 2 or n = 2 respectively.
This means that for each CKV of the conformal algebra of Bianchi I spacetimes
given in [37] we must solve condition (13) (because n = 4) and find those potentials
for which it is satisfied. In other words the constraint condition (13) acts as a
double selection rule selecting for each CKV a corresponding potential or, if this
is not possible, abandoning the CKV for being a Lie point symmetry of the Klein
Gordon equation.
4.2. The general Bianchi I spacetime
The generic line element of Bianchi I spacetime is (28) with A(t), B(t), C(t) be-
ing general smooth functions of t and admits the abelian group of isometries G3
consisting of the vector fields Y 1I , Y
2
I , Y
3
I (see equation (27))
For the line element (28) the Lagrangian (16) becomes
L
(
xi, u, u,i
)
=
1
2
ABC
(−u2,t +A−2u2,x +B−2u2,y + C−2u2,z)− 12ABCV (t, x, y, z)u2
(29)
and the Klein Gordon equation (1) is
−u,tt+A−2u,xx+B−2u,yy+C−2u,zz−
(
A˙
A
+
B˙
B
+
C˙
C
)
u,t+V (t, x, y, z)u = 0. (30)
For each of the vectors Y 1−3I and their linear combinations we solved condition
(13) and found the potentials V (t, x, y, z) of table 1.
Having considered the general case we continue with the special cases of Class
A and Class B of Bianchi I spacetimes.
4.3. Class A: Bianchi Spacetimes
In the special case where B2 (t) = C2 (t) and A2 (t) 6= B2 (t) the spacetime (28)
admits the extra KV Y 4I = z∂y − y∂z a.
The vector field Y 4I and all linear combinations with the vector fields Y
1−3
I when
introduced in the condition (13) give as solutions the results of table 2.
aSimilarly if A2 (t) = B2 (t) , A2 (t) 6= C2 (t) or A2 (t) = C2 (t) , A2 (t) 6= B2 (t) the spacetime
(28) admits a four dimension Killing algebra where the corresponding extra KVs are y∂x − x∂y
or z∂x − x∂z respectively. These cases being similar we restrict our study to the case where
B2 (t) = C2 (t).
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Table 1. Point symmetries and potentials for the Klein Gordon equation in the Bianchi I spacetime
for arbitrary functions A(t), B(t) and C(t)
Potential Lie Sym. Noether Sym.
V (t, x, y, z) Xu = ∂u No
V (t, y, z) Y 1I Yes
V (t, x, z) Y 2I Yes
V (t, x, y) Y 3I Yes
V
(
t, y − b
a
x, z
)
aY 1I + bY
2
I Yes
V
(
t, z − b
a
x, y
)
aY 1I + bY
3
I Yes
V
(
t, x, z − b
a
y
)
aY 2I + bY
3
I Yes
V
(
t, y − b
a
x, z − c
a
x
)
aY 1I + bY
2
I + cY
3
I Yes
Table 2. Point symmetries and potentials for the Klein Gordon equation in the Bianchi I spacetime
with A(t) 6= B(t) = C(t)
Potential Lie Sym. Noether Sym.
V
(
t, x, y2 + z2
)
Y 4I Yes
V
(
t, x− a
b
arctan y
z
, y2 + z2
)
aY 1I + bY
4
I Yes
V
(
t, x, 12
(
y2 + z2
)
+ a
b
z
)
aY 2I + bY
4
I Yes
V
(
t, x, 12
(
y2 + z2
)
+ a
b
y
)
aY 3I + bY
4
I Yes
V
(
t, x− a
c
arctan cy
b+cz ,
1
2
(
y2 + z2
)
+ b
c
z
)
aY 1I + bY
2
I + cY
4
I Yes
V
(
t, x− a
c
arctan cy−b
cz
, 12
(
y2 + z2
)
+ b
c
y
)
aY 1I + bY
3
I + cY
4
I Yes
V
(
t, x, c2
(
y2 + z2
)− (by − az)) aY 2I + bY 3I + cY 4I Yes
V
(
t, x− a
d
arctan
(
d y−c
d z+c
)
, d2
(
y2 + z2
)− (cy − bz)) aY 1I + bY 2I + cY 3I + dY 4I Yes
When the functions A (t) , B (t) and C (t) satisfy the relations
A (t) =
1
U (t)
A¯ (t) , B (t) =
1
U (t)
B¯ (t) , C (t) =
1
U (t)
C¯ (t) (31)
where
A¯ (t) = e−α
∫
U(t)dt , B¯ (t) = e−β
∫
U(t)dt , C¯ (t) = e−γ
∫
U(t)dt (32)
then the Bianchi I spacetime admits the proper CKV
Y 5I =
1
U (t)
∂t + αx∂x + βy∂y + γz∂z
with conformal factor ψ5I = − U˙U2 [37]. We study two cases (a) the conformal factor
ψ5I is a solution of Laplace equation ∆ψ
5
I = 0 and (b) the conformal factor ψ
5
I is
not a solution of Laplace equation.
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Table 3. Point symmetries and potentials for the Klein Gordon equation in the Bianchi I spacetime
with A(t), B(t), C(t) are given from (31) and U(t) from (34)
Potential V (t, x, y, z) = U2 (t) V¯ (t, x, y, z) Lie Sym. Noether Sym.
V¯
(
xA¯, yB¯, zC¯
)
Y 5I − ψ5Iu∂u Yes
V¯
((
x+ 1
α
a
b
)
A¯, yB¯, zC¯
)
aY 1I + bY
5
I − bψ5Iu∂u Yes
V¯
(
xA¯,
(
y + 1
β
a
b
)
yB¯, zC¯
)
aY 2I + bY
5
I − bψ5Iu∂u Yes
V¯
(
xA¯, yB¯,
(
z + 1
γ
a
b
)
C¯
)
aY 3I + bY
5
I − bψ5Iu∂u Yes
V¯
((
x+ 1
α
a
c
)
A¯,
(
y + 1
β
b
c
)
B¯, zC¯
)
aY 1I + bY
2
I + cY
5
I − cψ5Iu∂u Yes
V¯
((
x+ 1
α
a
c
)
A¯, yB¯,
(
z + 1
γ
b
c
)
C¯
)
aY 1I + bY
3
I + cY
5
I − cψ5Iu∂u Yes
V¯
(
xA¯,
(
y + 1
b
a
c
)
B¯,
(
z + 1
γ
b
c
)
C¯
)
aY 2I + bY
3
I + cY
5
I − cψ5Iu∂u Yes
V¯
((
x+ 1
α
a
d
)
A¯,
(
y + 1
β
b
d
)
B¯,
(
z + 1
γ
c
d
)
C¯
)
aY 1I + bY
2
I + cY
3
I + dY
5
I − dψ5Iu∂u Yes
In case (a), the conformal factor ψ5I is a solution of the Laplace equation
∆ψ5I = 0 if the function U (t) satisfies the condition
L(3) +
(
3L(1) − α− β − γ
) L(2)
L
= 0 , where L =
1
U (t)
. (33)
In order to find an exact solution of equation (33) we use the Lie symmetry
method. By applying the Lie symmetry condition (5) where the generator of the
infinitesimal transformation is XL = ξ (t, L) ∂t + η (t, L) ∂L, we find that equation
(33) admits the extra Lie point symmetries ∂t, t∂t+L∂L. Therefore from the appli-
cation of invariants of Lie point symmetries in equation (33), we find the solutions
L1 (t) =
1
M
W
(
exp
(
M2 (α, β, γ) (t+ c1)
))
+
1
M (α, β, γ)
, L2 (t) = t (34)
where M (α, β, γ) = α+ β + γ and W (t) is the Lambert W-function.
We observe that for the solution L2 (t) of (33), the conformal factor ψ
5
I becomes
a constant; that is, the CKV Y 5I reduces to a HV. This is the only Bianchi I
spacetime which admits a proper HV. In table 3 we give the potentials which admit
a Lie / Noether point symmetry which is generated by the vector field Y 5I and all
linear combinations of the vector field Y 5I with the KVs Y
1−3
I .
In case (b), where U (t) is arbitrary, the Klein Gordon equation (30) admits the
Lie/ Noether point symmetries of table 3 when
V (t, x, y, z) = U2V¯ (t, x, y, z)− 1
U
U (2) +
(
3U (1)
U2
+M (α, β, γ)
)
U (1). (35)
and V¯ (t, x, y, z) are taken from table 3.
Furthermore when B¯ (t) = C¯ (t) , i.e. β = γ in (32), the spacetime (28) ad-
mits also the additional KV Y 4I . Then the general (extra) point symmetry vector
is XGI =
∑4
α=1 aαY
α
I + a5X
5
I where X
5
I = Y
5
I − ψ5Iu∂u. In table 4 we give the
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Table 4. Commutators of the elements of the generic Lie symmetry vector of the Klein Gordon
equation in a Bianchi I spacetime where A(t), B(t) = C(t) are given from (31) and U(t) from (34)
[., .] Y 1I Y
2
I Y
3
I Y
4
I X
5
I
Y 1I 0 0 0 0 αY
1
I
Y 2I 0 0 −Y 3I βY 2I
Y 3I 0 Y
2
I βY
3
I
Y 4I 0 0
X5I 0
commutators of the elements of the generic point symmetry XGI . These will be
used in the reduction of the Klein Gordon equation.
4.4. Class B: Bianchi I spacetime is conformally flat
According to [37] the line element of the conformally flat Bianchi I spacetime (28)
(excluding the FRW spacetime) is of the following two forms
ds2 = −dt2 + sin2 tdx2 + cos2 tdy2 + dz2 (36)
and
ds2 = −dt2 + sinh2 tdx2 + cosh2 tdy2 + dz2. (37)
The conformal algebra of these spaces consists of 15 vector fields, in which the seven
vector fields are KVs and the remaining eight vector fields are proper CKVs [37].
The corresponding Lagrangian of the Klein Gordon equation in each space is:
L1 =
sin 2t
4
(
−u2,t + u2,z + (sin t)−2 1u,x + (cos t)−2 u2,y
)
− sin 2t
4
V (t, x, y, z)u2
(38)
and
L2 =
sinh 2t
4
(
−u2,t + u2,z + (sinh t)−2 u,x + (cosh t)−2 u2,y
)
− sinh 2t
4
V (t, x, y, z)u2
(39)
The Euler-Lagrange equation of (38) is the Klein Gordon equation
−u,tt+sin−2 t u,xx+cos−2 t u,yy+u,zz+(tan t− cot t)u,t+V (t, x, y, z)u = 0 (40)
and the Euler-Lagrange equation of (39) gives
−u,tt+sinh−2 t u,xx+cosh−2 t u,yy+u,zz−(tanh t+ coth t)u,t+V (t, x, y, z)u = 0
(41)
The Klein Gordon equations (40) and (41) are related by the complex coordinate
transformation (t, x, y, z)→ (it¯, ix¯, iy¯, iz¯), therefore in the following we study only
the Lie point symmetries of equation (40).
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Table 5. Point symmetries and potentials for the Klein Gordon equation in the Bianchi I spacetime
with metric (36)
Potential Lie Sym. Noether Sym.
V (x+ ln (sin t) , y + ln (cos t) , z) Y¯ 4I Yes
V (x+ ln (sin t) , y − ln (cos t) , z) Y¯ 5I Yes
V (x− ln (sin t) , y + ln (cos t) , z) Y¯ 6I Yes
V (x− ln (sin t) , y − ln (cos t) , z) Y¯ 7I Yes
For the metric (36) the seven KVs are the three vector fields Y 1−3I and the four
vector fields
Y¯ 4I = e
x+y (∂t − cot t∂x + tan t∂y) , Y¯ 5I = ex−y (∂t − cot t∂x − tan t∂y)
Y¯ 6I = e
−x+y (∂t + cot t∂x + tan t∂y) , Y¯
7 = e−x−y (∂t + cot t∂x − tan t∂y) .
Concerning the eight CKVs and their corresponding conformal factors these are:
C1±x = e
±x
(
cos t cos z∂t ∓ cos z
sin t
∂x − sin t sin z∂z
)
, ψ1±x = −e±x sin t cos z
C2±x = e
±x
(
cos t sin z∂t ∓ sin z
sin t
∂x + sin t cos z∂z
)
, ψ2±x = −e±x sin t sin z
C1±y = e
±y
(
sin t sin z∂t ± sin z
cos t
∂y − cos t cos z∂z
)
, ψ1±y = e
±y cos t sin z
C2±y = e
±y
(
sin t cos z∂t ± cos z
cos t
∂y + cos t sin z∂z
)
, ψ2±y = e
±y cos t cos z
Having the complete conformal algebra of the space we continue with the appli-
cation of theorems 2 and 3 in order to determine the potentials for which the Klein
Gordon equation (40) admits Lie and Noether point symmetries. For convenience
and economy of space the results are presented in tabular form. In table 5 we give
the form of the potentials for which the Lie and the Noether point symmetries are
generated by the Killing subalgebra
{
Y¯ 4−7
}
of the metric (36) and in table 6 we
give the potentials for the point symmetries which are generated by the proper
Conformal algebra
{
C1−2±(x,y)
}
of the metric (36).
5. Lie invariant solutions of the Klein Gordon equation in Bianchi
I spacetimes
In this section we apply the zero order invariants of some Lie point symmetries of
the Klein Gordon equation (30) in order to reduce the differential equation and
determine invariant solutions with respect to these symmetries. We will study the
reduction for the two class A and B of section 4
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Table 6. Point symmetries and potentials for the Klein Gordon equation in the Bianchi I spacetime
with metric (36)
Potential Lie Sym. Noether Sym.
1− 12 cos2 t + 1cos2 tV
(
x± ln ( 1−cos 2tsin 2t ) , y, cos tsin z ) C1±x − ψ1±xu∂u Yes
1− 12 cos2 t + 1cos2 tV
(
x± ln ( 1−cos 2tsin 2t ) , y, cos tcos z ) C2±x − ψ2±xu∂u Yes
1− 12 sin2 t + 1sin2 tV
(
x, y ∓ ( 1−cos 2tsin 2t ) , sin tcos z ) C1±y − ψ1±yu∂u Yes
1− 12 sin2 t + 1sin2 tV
(
x, y ∓ ( 1−cos 2tsin 2t ) , sin tsin z ) C2±y − ψ2±yu∂u Yes
5.1. Class A: Invariant solutions
For the class A Bianchi I spacetimes we will study the reduction for the of the
Klein Gordon eqation for two cases, (I) when V (t, x, y, z) = V (t) and A2 (t) 6=
B2 (t) 6= C2 (t) and (II) when V (t, x, y, z) = V
((
y2 + z2
)
e−2β
∫
U(t)dt
)
U2 (t)
where A (t) , B (t) , C (t) are given from (31) and U (t) = 1
t
.
Case I: When V = V (t) from table 1 the Klein Gordon equation (30) admits as
extra Lie point symmetries the vector fields Y 1−3I . However in order to apply the
Lie invariants we choose the symmetries
XαI = Y
α
I + µαXu , α = 1, 2, 3
which are linear combinations with the symmetry Xu. Furthermore, for the com-
mutators we have
[
XaI , X
β
I
]
= 0, where α, β = 1, 2, 3. The zero order invariants
of X1I are {t, y, z, e−µ1xu}. We select {t, y, z} to be the independent variables and
u (t, x, y, z) = eµ1xv (t, y, z), where v (t, y, z) is the dependent variable. By replacing
in (30) we find the reduced equation
− v,tt +B−2v,yy + C−2v,zz −
(
A˙
A
+
B˙
B
+
C˙
C
)
v,t +
(
V (t) + µ21
)
v = 0. (42)
The Lie point symmetries X2,3I are inherited symmetries of (42); therefore, by ap-
plying the zero order invariants the solution of the Klein Gordon equation (30)
is
u (t, x, y, z) = exp (µ1x+ µ2y + µ3z)w (t) (43)
where w (t) is the solution of the second order ODE
w¨ +
(
A˙
A
+
B˙
B
+
C˙
C
)
w˙ − (V (t) + µ21 + µ22 + µ23)w = 0. (44)
This is the damped oscillator which admits eight Lie point symmetries therefore
can be transformed to the equation W ′′ +ω2W = 0 by an appropriate transforma-
tion [38].
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Case II: In the second case we consider the potential V (t, x, y, z) = 1
t2
V ′
(
y2+z2
tβ
)
and we select the line element of the Bianchi I spacetime to be
ds2 = −dt2 + t2−2αdx2 + t2−2β (dy2 + dz2) (45)
hence the corresponding Klein Gordon equation is
−u,tt+t2α−2u,xx+t2β−2 (u,yy + u,zz)−3− α− 2β
t
u,t+
1
t2
V ′
(
y2 + z2
t2β
)
u = 0 (46)
From tables 1, 2 and 3, we have that the Klein Gordon equation (46) admits
three extra Lie point symmetries, the Y 1I , Y
4
I and the X
5
I = Y
5
I − u∂u, where
ψ5I = 1 since for the metric (45) Y
5
I is a HV. In order to apply the zero order
invariants we select the symmetries
X1I = Y
1
I + µ1Xu , X
4
I = Y
4
I + µ2Xu , X
5′
I = X
5
I + µ5Xu
with commutators[
X1I , Y
4
I
]
= 0,
[
X5
′
I , X
4
I
]
= 0 ,
[
X1I , X
5′
I
]
= αY 1I . (47)
We start the reduction with the vector field X4I . The zero order invariants are{
t, x, y2 + z2, e−µ4 arctan
z
y u
}
. We select t, x and r = x2+ y2 to be the independent
variables and u (t, x, y, z) = eµ4θv (t, x, r), where v (t, x, r) is the dependent variable
and θ = arctan z
y
. Replacing in (46) we find the reduced equation
− v,tt+ t2α−2v,xx+ t2β−2
(
v ,rr +
1
r
v,r
)
− 3− α− 2β
t
v,t+
1
t2
V¯
(
r2
t2β
)
v = 0 (48)
where V¯
(
r2
t2β
)
= V ′
(
r2
t2β
)
+ µ4
t2β
r2
. Equation (48) admits as Lie point symmetries
the vector fields X1I , X
5′
I which are inherited symmetries. We continue with the
application of the zero order invariants of X1I . These are {t, r, e−µ1xv}, hence we
select as independent variables the t, r and as dependent variable the w (t, r) =
e−µ1xv. By replacing in (48) we have
− w,tt + t2β−2
(
w ,rr +
1
r
w,r
)
− 3− α− 2β
t
w,t +
1
t2
(
V¯
(
r2
t2β
)
+ µ21t
2α
)
w = 0
(49)
However, from the commutator (47) the Lie point symmetry X5
′
I is an inherited
symmetry when X1I = Y
1
I , i.e. µ1 = 0, or when α = 0. From the vector field X
5′
I we
have that the zero order invariants are ζ = rt−β and w (t, r) = tµ5σ (ζ). Therefore
the reduced equation is(
1− ζ2β2)σ,ζζ − βζ
(
3β − 2− 2µ5 − 1
βζ
)
σ,ζ +K (ζ)σ = 0. (50)
When µ1 = 0, K (ζ) = 2βµ5+ V¯ (ζ) and the solution of the Klein Gordon equation
(46) is
u (t, x, y, z) = tµ5 exp
(
µ4 arctan
(
z
y
))
σ
(√
y2 + z2t−β
)
(51)
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Table 7. Commutators of the elements of the generic Lie point symmetry vector of the Klein
Gordon equation in a Bianchi I spacetime with metric (36)
[., .] Y 1I Y
2
I Y
3
I Y¯
4
I Y¯
5
I Y¯
6
I Y¯
7
I
Y 1I 0 0 0 Y¯
4
I Y¯
5
I −Y¯ 6I −Y¯ 7I
Y 2I 0 0 Y¯
4
I −Y¯ 5I Y¯ 6I −Y¯ 7I
Y 3I 0 0 0 0 0
Y¯ 4I 0 0 0 −4
(
Y 1I + Y
2
I
)
Y¯ 5I 0 4
(−Y 1I + Y 2I ) 0
Y¯ 6I 0 0
Y¯ 7I 0
When α = 0, K (ζ) = 2βµ5 + µ
2
1 + V¯ (ζ) and the solution of the Klein Gordon
equation (46) is
u (t, x, y, z) = tµ5 exp
(
µ1x+ µ4 arctan
(
z
y
))
σ
(√
y2 + z2t−β
)
(52)
where σ
(√
y2 + z2t−β
)
= σ (ζ) satisfies the second order ODE (50).
5.2. Class B: Invariant solutions
In this section, we use the Lie symmetries of the Klein Gordon equation (40) in order
to find invariant analytic solutions. We shall do that for the point symmetries gener-
ated by the KVs only. We shall consider only the potentials V±x = V (x± ln (sin t))
and V±y = V (y ± ln (cos t)).
For the reduction of (40) we need the commutators of the KVs of the metric
(36) which are given in table 7.
Potential V+x = V (x + ln (sin t)) From tables 1 and 5 we read that for this
potential the Klein Gordon equation (40) admits four extra Lie point symmetries
given by the vector fields Y 2I , Y
3
I , Y¯
4
I , Y¯
5
I .
In order to reduce equation (40) and determine an invariant solution we need
a double reduction of the equation, therefore we must have a Lie point symmetry
of the reduced equation. This is assured if we use Lie point symmetries which
commute hence reduction by any of them inherits the remaining vector to the
reduced equation. In our case we shall use for reduction the Lie point symmetries
X3I = Y
3
I + µ3Xu, X¯
4
I = Y¯
4
I + µ4Xu , X¯
5
I = Y¯
5
I + µ5Xu
of table 1 because from table 7 we have that all their commutators vanish.
Reduction by X3I leads to the reduced equation
−v,tt+sin−2 t v,xx+cos−2 t v,yy+(tan t− cot t) v,t+
(
V (x+ ln (sin t)) + µ23
)
v = 0
(53)
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where u (t, x, y, z) = v (t, x, y) eµ3z. As we explained above, equation (53) inherits
the vector fields X¯4I , X¯
5
I as Lie point symmetries. Reduction of (53) by X¯
4
I , X¯
5
I leads
to the solution of the Klein Gordon equation:
u (t, x, y, z) = σ (ζ) exp(µ3z − cot t
2
(
µ4e
−(x+y) + µ5e
x−y
)
(54)
where ζ = x+ ln (sin t) and σ (ζ) satisfies the second order ODE
σ,ζζ + 2σ,ζ +
(
V (ζ) + µ23 − µ4µ5e−2ζ
)
σ = 0. (55)
In the case where V (ζ) = e−2ζµ4µ5, i.e.
V (x+ ln (sin t)) = µ4µ5 exp (− (x+ ln (sin t)))
the solution of (55) is
σ (ζ) = σ1 exp
([
−1 +
√
1− µ23
]
ζ
)
+ σ2 exp
([
−1−
√
1− µ23
]
ζ
)
. (56)
Potential V−x = V (x − ln (sin t)) When V (t, x, y, z) = V (x− ln (sin t)) , the
Klein Gordon equation (40) admits the extra Lie point symmetries Y 2I , Y
3
I , Y¯
6
I , Y¯
7
I .
With the same reasoning as in the previous case we use for the reduction the KVs
X3I = Y
3
I + µ3Xu, X¯
6
I = Y¯
6
I + µ6Xu , X¯
7
I = Y¯
7
I + µ7Xu
which span an Abelian algebra. Successive reduction of (40) by X3I , X¯
6
I and X¯
7
I
results in the solution
u (t, x, y, z) = σ (ξ) exp
(
µ3z − cot t
2
(
µ6e
x−y + µ7e
x+y
))
. (57)
where ξ = x− ln (sin t)and σ (ξ)is a solution of the equation:
σ,ξξ − 2σ,ξ +
(
V (ζ) + µ23 − µ6µ7e2ξ
)
σ = 0 (58)
Again we note that for the potential V−x = µ6µ7 exp (2ξ)−µ23 the solution (57)
of the Klein Gordon equation (40) is:
u (t, x, y, z) =
[
σ0 + σ1 exp
(
2x− ln (sin2 t))] exp(µ3z − cot t
2
(
µ6e
x−y + µ7e
x+y
))
(59)
Potentials V±y : When V (t, x, y, z) = V (y + ln (cos t)), the Klein Gordon equa-
tion (40) admits the extra Lie point symmetries Y 1I , Y
3
I , Y¯
4
I , Y¯
6
I . For the reduction
in this case we select the vectors X3I , X¯
4
I , X¯
6
I and find the solution:
u (t, x, y, z) = σ (ζ) exp
(
µ3z +
tan t
2
(
µ4e
−x−y + µ6e
x−y
))
(60)
where ζ = y + ln (cos t) and σ (ζ) satisfies equation (55) with µ5 = µ6.
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When V (t, x, y, z) = V (y − ln (cos t)), the Klein Gordon equation (40) admits
the extra Lie point symmetries Y 1I , Y
3
I , Y¯
5
I , Y¯
7
I . In this case, we reduce equation (40)
with the Lie algebra
{
X3I , X¯
5
I , X¯
7
I
}
and we find the following invariant solution
u (t, x, y, z) = σ (ξ) exp
(
µ3z +
tan t
2
(
µ5e
−x+y + µ7e
x+y
))
(61)
where ξ = y − ln (cos t) and σ (ξ) satisfies equation (58) with µ6 = µ5.
6. Conclusion
The knowledge of the Lie point symmetries of a differential equation is important
because it can be used to determine invariant solutions of the equation. In this work
we considered the Klein Gordon (1) in a general Riemannian space and proved that
(a) The Lie point symmetries of (1) coincide with the Noether point symmetries
of Lagrangian (16) (b) The generators of the Lie/ Noether point symmetries are
the CKVs and their linear combinations (c) Not all CKVs of the space are Lie /
Noether point symmetries of (1) ; A CKV is a Lie / Noether point symmetry of (1)
if the constraint condition (13) has a solution for the corresponding potential.
This general results transfer the problem of determining the Lie and the Noether
point symmetries of the Klein Gordon equation in a general Riemannian space to
the problem of determining the CKVs of the space and the solution of an easy
differential condition.
We have applied the general results in the case of the Bianchi I spacetime. The
complete conformal algebra of the Bianchi I spacetimes has been determined in [37].
We have used the results of [37] in order a. To determine all potentials for which
the resulting Klein Gordon equation in Bianchi I spacetime admits Lie and Noether
point symmetries and b. To determined the Lie /Noether symmetry vectors. Due
to the plethora of cases and for easy reference the results are presented in the form
of tables. The usefulness of these tables is that they provide the appropriate Lie
symmetries which can be used for the reduction of the Klein Gordon equation in
Bianchi I spacetimes and subsequently the determination of corresponding invariant
solutions.
One important byproduct of this study concerns the wave equation. Indeed the
latter is obtained from the Klein Gordon equation if one considers the potential to
be zero. In this case the constraint condition becomes ∆ψ = 0, that is the conformal
factor of the CKVs must be a solution of the wave equation This means that the
point symmetries of wave equation in Bianchi I spacetimes are the point symmetries
of tables 1, 2, 3 and 5, with potential V (t, x, y, z) = 0 whereas the vector fields of
table 6 are not Lie /Noether point symmetries of the wave equation because the
conformal factor of the CKVs is not a solution of the wave equation.
Concerning the reduction procedures which we considered in section 4 they
remain valid for the wave equation. An exact solution of the wave equation in
Kasner universe has been found recently in [39]. We would like to note that the
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ansantz of [39] it is based on the group invariants of the wave equation (16) as given
in section 5.1.
A study of the Klein Gordon equation and the symmetries of classical particles
in other Bianchi type spacetimes is under investigation and the results will be
presented in a subsequent paper.
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